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1. INTRODUCTION 
In the theory of locally convex spaces with a Schauder basis, many 
interesting results, scattered in the literature, are proved for two par- 
ticular classes of spaces: barrelled spaces and perfect sequence spaces n 
having the Mackey-topology z(d, A*). 
In both cases the space E involved has the following property: 
(1) : E has the Mackey-topology r(E, E’) and its dual space E’ is se- 
quentially complete for the weak topology u(E), E). 
Spaces having property (1) will be called “G-spaces”. The importance 
of G-spaces lies e.g. in the fact that the class of G-spaces is a class of 
domain spaces “for which the closed graph theorem is true”. (See e.g. 
[6] and [ll]). 
In this paper we consider G-spaces with a Schauder basis. The first 
part of the paper is devoted to some results on G-spaces which until now 
only were known in the special cases mentioned above. In the second 
part we give necessary and sufficient conditions for a G-space with a 
Schauder basis, to be barrelled. By duality, we finally obtain character- 
izations for semi-reflexivity. We also improve some results on Banach 
spaces with bases, proved in [5]. 
2. DEFINITIONS AND NOTATIONS 
- For general notions and properties concerning locally convex spaces 
we refer to [lo]. 
- E, 9- will always denote a locally convex Hausdorff space with topology 
y and topological dual space E’. 
- The weak-, Mackey- and strong topology on E are denoted by a(E, E’), 
t(E, E’) and /?(E, E’). 
- A sequence (XI) in E is a Schauder basis for E if every element of E 
can be written uniquely as x= Emi ortxt (the series being convergent 
in r) and if the coefficient functionals fn : x + am, n = 1, 2, . . . , are con- 
tinuous. We shall often write (xt,ft) for the basis and x = z=, (x,fi)xt 
for the expansion of x. 
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- A Schauder basis for E in the topology a(E, E’) is called a weak Schauder 
basis of E. 
- The finest locally convex topology on E, having the same convergent 
sequences as F is denoted by F+ and the corresponding dual space 
(E, F+)’ by E+. The topology Y+ and the space E+ have been studied 
intensively in [ 121. 
- If E, F has a Schauder basis (zt,fi) we denote by .F+ the finest locally 
convex topology on E for which lim, S&) = lim, Es, (z,fa)xt=z for 
all it: E E. The corresponding dual space (which is denoted by E++) 
consists of those linear functionals on E that have the property: 
f(x) = x:, &fdf(4 f or all x E E. The topology .F+ and the space 
E+ are studied in [9]. 
3. COMPARISON OF THE TOPOLOOIES r, r+ AND 9" 
Obviously F C F+ C F++, whence E’ C E+ C E++. This section deals 
with the equality in the above inclusions and its implications. 
3.1. PROPOSITION 
If E, F has a Schauder basis (s,fg) and E’ is sequentially complete 
for the topology u(E’, E), then E’= E+=E+. 
PROOF: 
Let f be a linear functional on E having the property: 
f(x) = sZ1 (x, fdfh), for all x E E. 
We identify E and E’ with the sequence spaces 2s and px’ in the canonical 
way. 
I.e. 
and 
E = AE = {((x, fi>)tlx E E} 
E’ = /.dE’ = {((q, a))& E E’}. 
TheripE’=&= {(yg)] xc, y& converges for all 6 E A,}. (See [2], Lemma 1.3). 
She Xl <x,fi>f (4) is convergent for all x E E, we conclude that 
(f(xi))Z E &=pE’. 
Hence, there exists a E E’ such that f(s) = (xi, a) for i= 1, 2, . , . . So 
f(x) = zw, (x, ft)(xt, a) = (2, a) for all x E E. 
This means that f is continuous on E, u(E, E’) and thus on E, F. 
Therefore E* C E’, from which the desired equality follows. 
3.2. COROLLARY 
If E has a Schauder basis and E’, (T(E’, E) is sequentially complete, 
then E’, /3(E’, E) is complete. 
This is an immediate consequence of E’ = E+ and [3] Th. 1. 
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3.3. P~~P~~ITI~N 
If E, F is a G-space with a Sohauder basis then .F =F+ =F*. 
PROOF : 
Since E+=E’ (prop. 3.1) and .F is the Maokey-topology t(E, E’), we 
have .FCF+CF+CF. 
3.4. PROPOSITION 
If E is a G-space with a Sohauder basis (a), then this basis is equi- 
continuous. (I.e. the sequence of partial sum operators (S,), is equi- 
continuous). 
PROOF : 
This follows immediately from prop. 3.3. and [4] Th. 4. (This property 
has already been proved in [2] prop. 2.2.). 
3.5. PROPOSITION : “The weak basis theorem”. 
In a G-space with a Sohauder basis, every weak Sohauder basis is a 
Sohauder basis for the initial topology of the space. 
PROOF : 
The proof goes as in [l] Th. 11. Observe that in that proof the crucial 
point is the fact that the basis is equioontinuous; property stated in 
prop. 3.4. 
3.6. PROPOSITION 
If E, 3 is a G-space with a Sohauder basis (Q), there is no strictly 
finer locally convex topology on E for which (x{) is still a Sohauder basis. 
PROOF : 
Let .Fi be a locally convex topology on E, finer than F and for which 
(Q) is still a Sohauder basis. Take f E (E, Fi)’ and apply the argument 
in the proof of prop. 3.1. Then it follows that f is continuous on E. So 
(E, Fr)‘= E’. Since F was the Maokey topology T(E, &‘), we conclude 
that F=.Fr. 
3.7. REMARKS 
i) E’=E+ was proved in [3] Th. 2 for E barrelled. 
ii) E’ = E# was proved in [9] Th. 2.6. for E barrelled and also for a 
perfect sequence space A, having a locally convex topology consistent 
with the dual pair (A, A*). 
iii) z= z+ was proved in [12] prop. 1.11. for a perfect sequence space A 
with the topology z(A, A*). 
iv) t=r+ was proved is [9] Ex. 3 for E =I” with the topology z(Zoo, II). 
v) Prop. 3.4. was proved in [4] Th. 6 with a direct proof. 
vi) Prop. 3.5. Was proved in [l] Th. 11 for E barrelled. 
vii) Prop. 3.6. was proved in [4] Th. 1.2. for E barrelled. 
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4. RELATION TO BARRELLEDNESS 
The following result is proved in [12] prop. 4.15. : “A G-space is barrelled 
whenever E, /?(E, E’) is separable”. The fact that G-spaces with a Schauder 
basis behave very much like barrelled spaces, suggests that G-spaces 
with a Schauder basis are “closer” to barrelled spaces than G-spaces 
without one. We shall prove that this is not at all the case. 
4.1. DEFINITION 
E is called sequentially barrelled if every o(E’, E)-null sequence in E’ 
is equicontinuous. 
4.2. PROPOSITION 
A sequentially complete G-space with a Schauder basis is sequentially 
barrelled. 
PROOF: 
Immediate consequence of prop. 3.1. and [l2] prop. 4.3. 
4.3. PROPOSITION 
For a G-space with a Schauder basis (~6) the following are equivalent: 
i) E is barrelled. 
ii) Every null sequence in E is a null sequence for ,!l(E, E’). 
iii) Every Schauder basis for E is a Schauder basis for E, /?(E, E’). 
iv) (Q) is a Schauder basis for E, ,8(E, E’). 
v) E, B(E, E’) is separable. 
If moreover E is sequentially complete, the following equivalences can 
be added: 
vi) E is quasi-barrelled. 
vii) Every p(E’, E)-bounded sequence in E’ is equicontinuous. 
PROOF: 
i) =+ ii) =z. iii) * iv) =+ v) : are trivial. 
v) =+ i) is Webb’s theorem mentioned above. 
If E is sequentially complete, then E is sequentially barrelled (prop. 
4.1.) and thus i) * vi) because of [12] prop. 4.1. 
vi) 3 vii) : is trivial. 
vii) + vi): follows from [7] prop. 2.6.1.). 
5. REFLEXIVITY 
5.1. DEFINITION 
A Schauder basis (Q) for E is called shrinking if the sequence cft) is 
a Schauder basis for E’, @(E’, E). It is called almost shrinking if (j’d) is a 
Schauder basis for E’, t(E’, E). 
Observe that (ft) is always a Schauder basis for E’, a(E’, E). 
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6.2. PROPOSITION 
Suppose E has a Schauder basis. 
If E, o(E, E’) is sequentially complete, then every Schauder basis for 
E is almost shrinking. 
PROOF : 
The space E’, t(E’, E) is now a G-space with a weak Schauder basis. 
Then apply prop. 3.5. 
5.3. PROPOSITION 
If E has a Schauder basis (5) and E, a(E, E’) is sequentially complete, 
then the following are equivalent: 
i) E is semi-reflexive. 
ii) The basis (~8) is shrinking. 
iii) All the Schauder bases of E are shrinking. 
iv) In E’ is every z(E’, E)-null sequence also a p(E’, E)-null sequence. 
v) E’, /3(E’, E) is separable. 
PROOF : 
Observe that E is semi-reflexive if and only if E’, @(E’, E) is barrelled. 
Then this prop. is obtained from prop. 4.3. by duality. 
5.4. REMARK 
The result ii) + i) in the above proposition can also be deduced from 
[8], combining Th. 3.2 with Th. 6.7. 
5.6. REMARK 
A result analogous to ii) + vi) in prop. 5.3. was proved in [5] Th. 2 
for a Banach space with a basis. 
We conclude this section with an application to Banach spaces with 
a basis, improving a result of Kalton [5]. 
5.6. DEFINITION 
A basis (5) of E is called B-complete if whenever the sequence 
(x-, CW~)~ is a(E, E’)-Cauchy, then rW1 ortq converges. 
Obviously, if E is a Banach space with a Schauder basis which is 
o(E, E’)-sequentially complete, this basis is b-complete. (This is already 
true for a G-space). 
6.7. PROPOSITION 
Let E be a Banach space with a basis. Then the following are equivalent : 
i) Either E is reflexive, or the weak topology and the norm topology 
define the same convergent sequences. 
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ii) Every basis of E is almost shrinking. 
iii) Every b-is of E is almost shrinking and /?-complete. 
iv) E is o(E, E’)-sequentially complete. 
PROOF : 
i) + ii) * iii): is proved in [6] Th. 4. 
iii) =+ iv): is proved in [S] Th. 3. 
iv) =+ iii): follows from prop. 6.2. and the observation made above. 
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